
F BELLCOMM. INC.  
955 L'ENFANT PLAZA NORTH, S.W. WASHINGTON, D. C. 20024 

- -...-. 
Two Impulse Transfer  Trajectories - 

Between A r b i t r a r y  S t a t e  i ec tors  and 
I ts  Appl ica t ion  t o  T h r e e  Impulse LO1 Optimizat ion - C a s e  310 

FROM: R. A.  B a s s  
E. A. McGinness 

ABSTRACT 

The need f o r  a method of de te rmina t ion  of an optimum 

t r a n s f e r  t r a j e c t o r y  be tween t w o  s ta te  v e c t o r s  arises f r e q u e n t l y  

i n  m u l t i p l e  impulse opt imiza t ion  techniques .  

s o l u t i o n  formulated by M r .  F. T.  Sun i n  a r e c e n t  AIAA J o u r n a l  

provides  such a method f o r  the  two-impulse t r a n s f e r  t h a t  

minimizes t h e  sum of t h e  AV requirements  a t  t h e  t e rmina l  s ta tes .  

M r .  Sun 's  technique r e q u i r e s  s i g n i f i c a n t l y  less computation 

than normal i t e r a t i v e  rou t ines .  

An a n a l y t i c a l  

T h e  method i s  p r e s e n t l y  be ing  used i n  a three-impulse 

l u n a r  o r b i t  i n s e r t i o n  opt imiza t ion  program t o  determine t h e  

minimum t o t a l  AV given the i n i t i a l  and f i n a l  s t a t e  v e c t o r s  and 

t h e  p o s i t i o n  vec to r  fo r  t h e  second maneuver. 
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In t roduc t ion  

A common problem i n  t r a j e c t o r y  a n a l y s i s  involves  
de te rmina t ion  of thr- t r a n s f e r  t r a j e c t o r y  t h a t  minimizes t h e  
t o t a l  A V  r equ i r ed  between an i n i t i a l  p o s i t i o n  and v e l o c i t y  
and a d e s i r e d  final pos i t i on  and v e l o c i t y .  F. T. Sun has  
formulate6 i n  Reference 1 an a n a l y t i c a l  s o l u t i o n  f o r  t h i s  
optimum t w o  impulse t r a n s f e r  t r a j e c t o r y .  
TOHSUN has  been w r i t t e n  implementing h i s  formulat ion.  

A FORTRAN subrou t ine  

Summary of t h e  Ana ly t i ca l  So lu t ion  

p a i r  of ob l ique  v e l o c i t y  coord ina tes  (V 

p a r a l l e l  t o  t h e  chorda l  and local r a d i a l  d i r e c t i o n s  r e s p e c t i v e l y  
(see Figure 1B). I f  t h e  t r a n s f e r  angle  ( $ 1  i s  n o t  equa l  t o  
180  degrees  a l l  t h e  poss ib l e  t r a n s f e r  t r a j e c t o r i e s  w i l l  l i e  
i n  a unique plane def ined  by t h e  t w o  p o s i t i o n  vec to r s .  The 
t r a n s f e r  v e l o c i t i e s  a t  each t e rmina l  a r e  r e l a t e d  as fo l lows  

The problem i s  formulated i n  Reference 1 us ing  a 
VR) , t h e  components C '  

v R 1  = $ t a n  

where ,, i s  t h e  G r a v i t a t i o n a l  parameter and d i s  de f ined  a s  
shown i n  Figure 1 B .  These r e l a t i o n s  are der ived  i n  Appendix D.  

Using these r e l a t i o n s  and t h e  geometrical p r o p e r t i e s  
as shown i n  Figure 1, an a n a l y t i c a l  express ion  f o r  t h e  AV re- 
quirement a t  each t e rmina l  can be developed by use of F igure  1 
and t h e  cos ine  law. 

1 / 2  
- 2% t a n  $/2 cos $2 AVi = (Vc 2 + VR 2 - 2NOi Vc - 2MOi V + Voi 2 ( 2 )  R 

- - - w i t h  
e and f o r  i = 1, 2 - - - voi 

R i '  N O i  C i  Moi - Voi * e 
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where e r e p r e s e n t s  a u n i t  vec tor  w i t h  t h e  d i r e c t i o n  denoted 
by t h e  s u b s c r i p t .  

Upon summing the AV'S, d i f f e r e n t i a t i n g ,  and equat i - ig  
t o  zero, t h e  f o l i o w i n ?  o c t i c l  equat ion  r e s u l t s .  

f cnv; = 0 

n= 0 

where t h e  c o e f f i c i e n t s  a r e :  

+ 2PO1 - 2PO2) + C 4  = K (Mol - M02 + *01 - N02 
2 2 2 2 2 

2K(No2M02Pol - NolMolPo2) 

2 2K (NolPo2 - N 0 2  P 01 + NO1Mo2 

The c o e f f i c i e n t s  C3, and C5 are i n c o r r e c t  i n  t h e  r e f e r e n c e  I 

b u t  have been c o r r e c t e d  here. An e r r a t a  has been submitted t o  
t h e  AIAA Jo runa l  by Mr. Sun. 
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(No2M02 - N M + 4NO2Mo1 - 4NolMo2) + 3 
01 01 C2 = 2K 

K2 (MO12P02 - Mo22Pol) 

4 3 
+ 2K3MolMo2(MO2 - Mol) + 2K (M 02 P 01 - MolPo2) C1 = 4K (Nol - NO2 

4 2 2 
Co = K (Mol - M02 - + p02) 

with 

- - 
MOi - 'ROi 'COi cos $i these relations are equiva- 

- - nitions of Moi and Noi. NOi - 'COi 
lent to the previous defi- 

'ROi COS $i 

- 2K COS oi - 
'Oi - 'Oi 

and (i = 1,2) 

The correct root of the octic defining the optimum 
two impulse transfer trajectory is obtained by first determining 
two other unique pairs of transfer trajectories between the two 
terminal conditions. One pair of trajectories represents the 
"single impulse optimum" posigrade and retrograde transfer 
associated with the initial state vector. 
optimum transfer is that member of the family of trajectories 
passing through the initial and final position vectors that 
requires the least AV at the initial maneuver. 
is the posigrade and retrograde transfers associated with a 
minimum AV at the final maneuver. 

This single impulse 

The second pair 

These single impulse optimized cases are defined by 
differentiating Equation 2 and setting the result equal to 
zero. This yields the quartic equations 
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T h e  t w o  p a i r s  of s i n g l e  impulse optimum s o l u t i o n s  arise as t h e  
real  roots of t h e s e  t w o  q u a r t i c  equat ions .  While t h e  p o s i t i v e  
p a i r  r e p r e s e n t  r o o t s  for  one d i r e c t i o n  around t h e  c e n t r a l  body, 
t h e  nega t ive  set  a r e  t h e  r o o t s  f o r  t h e  oppos i t e  d i r e c t i o n .  W i t h  
some minor except ions r ep resen t ing  extreme s i t u a t i o n s  (see 
Reference (1)) only t w o  real  r o o t s  e x i s t  f o r  each q u a r t i c  
equat ion .  

For a given type  of t r a n s f e r  t r a j e c t o r y  (e.g.  pos i -  
g rade)  w e  have t h e  following i n e q u a l i t i e s :  

t h a t  t h e  v e l o c i t y  impulse has  
been minimized only a t  t h e  s p e c i f i e d  t e r m i n a l  p o i n t ,  a double  
as te r i sk  denotes  t h e  optimum t w o  impulse t r a n s f e r  AV a t  t h e  
g iven  t e rmina l ,  and no a s t e r i s k  denotes  t h e  v e l o c i t y  impulse 
r e q u i r e d  a t  t h e  s p e c i f i e d  te rmina l  when t h e  AV has  been minimized 
a t  t h e  other  te rmina l  po in t .  

0 

TOHSUN uses t h i s  f ac t  t o  d e f i n e  t h e  r eg ions  i n  which 
t o  search f o r  t h e  proper r o o t s  of t h e  o c t i c  (Equation 3 ) .  T h i s  
method avoids  c a l c u l a t i n g  or  us ing  super f luous  r o o t s  of t h e  
oc t i c  equat ion .  

A f t e r  determining t h e  magnitude of Vcl and Vc2 f r o m  
t h e  r o o t s  of t he  o c t i c ,  t h e  va lues  of VR1 and VR2 are determined 
b-y t h e  geometry as shown i n  F igure  1 and t h e  r e l a t i o n s h i p  i n  
Equation 1. 

T h i s  method i s  repea ted  f o r  r e t r o g r a d e  t r a n s f e r s .  The 
pos igrade  and r e t rog rade  two-impulse optimums are then  compared 
and the one w i t h  t h e  lowest t o t a l  AV i s  selected as t h e  b e s t .  
A d e s c r i p t i o n  and l i s t i n g  of FORTRAN subrou t ine  TOHSUN i s  inc luded  
i n  Appendix A. 

Under t h e  p r e s e n t  s t r u c t u r e  of t h e  program the  ang le  
of s e p a r a t i o n  between t h e  t w o  t e rmina l  p o s i t i o n  v e c t o r s  must 
n o t  equal  180 degrees .  The 180  degree case a l so  has an a n a l y t i c  
optimum b u t  r e q u i r e s  a unique formula t ion  and i s  n o t  included 
i n  TOHSUN. 
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Appl i ca t ions  

TQHSUN i s  p r e s e n t l y  being used t o  determine t h e  best 
t r a n s f e r  t r a j e c t o r y  from a given pre-maneuver s ta te  p o i n t  t o  
a g iven  post-maneuver s ta te  p o i n t  as one l i n k  of  a t h r e e  impulse 
l u n a r  o r b i t  i n s e r t i o n  op t imiza t ion  program. 
technique i s  used w i t h  TOHSUN t o  determine optimum t h r e e  impulse 
t r a n s f e r s  between two t e r m i n a l  cond i t ions  and a given i n t e r -  
mediate p o s i t i o n  v e c t o r .  

A simple i t e r a t i v e  

A t r a n s f e r  t r a j e c t o r y  between t h e  i n i t i a l  cond i t ion  
and t h e  in t e rmed ia t e  p o s i t i o n  vector i s  found w i t h  TOHSUN by 
assuming a reasonable  v e l o c i t y  a t  t h e  in t e rmed ia t e  p o i n t .  Using 
t h e  pre-maneuver v e l o c i t y  a t  t h e  in t e rmed ia t e  p o i n t  determined 
by TQHSUN, an optimum t r a n s f e r  t o  t h e  f i n a l  c o n d i t i o n s  i s  d e t e r -  
mined by a second use of TOHSUN. T h e  post-maneuver v e l o c i t y  
determined here f o r  t h e  in t e rmed ia t e  s ta te  becomes t h e  i n p u t  
fo r  t h e  nex t  c a l l  t o  TOHSUN from t h e  i n i t i a l  cond i t ion  p o i n t .  
T h i s  flow i s  repea ted  u n t i l  t h e  p r e  and post-maneuver v e l o c i t i e s  
a t  t h e  in t e rmed ia t e  p o s i t i o n  vector s t a b i l i z e .  

The t o t a l  optimum 3 burn l u n a r  o r b i t  i n s e r t i o n  r e q u i r e s  
s e l e c t i o n  of t h e  b e s t  se t  of t e rmina l  c o n d i t i o n s  and in t e rmed ia t e  
p o s i t i o n  vec to r .  The i n i t i a l  cond i t ions  are determined by t h e  
energy and momentum assoc ia t ed  w i t h  t h e  l u n a r  approach hyperbola 
as w e l l  a s  t h e  t r u e  anomaly a t  which t h e  f i r s t  maneuver i s  made. 
F i n a l  cond i t ions  are def ined  by spec i fy ing  t h e  p o s i t i o n  on t h e  
d e s i r e d  luna r  o rb i t .  The magnitude of t h e  in t e rmed ia t e  p o s i t i o n  
v e c t o r  i s  cons t ra ined  by the maximum f l i g h t  t i m e  allowed fo r  
t h e  maneuver. S e l e c t i c n  of a l l  these parameters  must be made 
e x t e r n a l  t o  t h e  above i t e r a t i v e  scheme involv ing  TOHSUN. 

2013-EAM-~rb l?AB 
9 a. 
E.  A. McGinness 

Attachments: 
References 
Appendices 
F igures  1, D1, D 2  
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Appendix A 

TOHSUN 

Ca l l ing  Sequence: CALL TOHSUN (VOlX,  R O l X ,  V02X,  R02X,  V l B S T ,  
V2BST, BSTDVl, BSTDV2) 

Input :  

VOlX ( 3 )  

R O l X  ( 3 )  

V 0 2 X  ( 3 )  

R02X ( 3 )  

I n i t i a l  v e l o c i t y  a t  f i rs t  p o s i t i o n  vec to r  

F i r s t  pos i t i on  vec to r  

Terminal v e l o c i t y  a t  second p o s i t i o n  vec to r  

Second pos i t i on  vec to r  

ou tput :  

V l B S T  ( 3 ) Transfer  ve loc i ty  a t  f i r s t  p o s i t i o n  vec to r  

V2BST ( 3 )  

BSTDVl Magnitude of t h e  v e l o c i t y  increment vec tor  

BSTDV2 Magnitude of t h e  v e l o c i t y  increment vec to r  

Transfer  v e l o c i t y  a t  second p o s i t i o n  vec to r  

a t  f i r s t  pos i t i on  vec to r  I V ~ B S T - V O ~ X ~  

a t  second p o s i t i o n  vec to r  IV2BST-VO2XI 

Descr ipt ion:  

TOHSUN determines t h e  minimum AV two-impulse t r a n s f e r  
t r a j e c t o r y  between two pos i t i on  vec to r s*  whose angle  of separa- 
t i o n  i s  no t  equal  t o  180'. The method used i s  t o  f i n d  two 
s p e c i f i c  r o o t s  of an e i g h t h  degree polynomial i n  t h e  v a r i a b l e  Vc - 
t h e  chordal  component of the t r a n s f e r  v e l o c i t y .  These r o o t s  a r e  
cons t ra ined  t o  l i e  i n  two i n t e r v a l s  - one corresponding t o  a 
p o s i t i v e  chordal  component and t h e  o t h e r  corresponding t o  a nega- 
t i v e  chordal  component. 

*The program l i s t i n g  given here  i s  designed f o r  l una r  t r a -  
jectories. 
whatever c e n t r a l  body is desired. 

The use r  need only modify GMM t o  a s u i t a b l e  va lue  f o r  
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In order to establish these intervals the single impulse 
transfer trajectories that yield the minimum AV at each terminal 
are found. The endpoints of the intervals correspond to the 
chordal components of the minimum single impulse transfer velocity 
vectors. These numbers are the solutions of two quartic equations 
and are found by the subroutine QUART. 

The octic equation is then solved for the desired roots 
within the intervals by subroutine OCTIC. The method used is a 
variation of the Newton-Raphson technique. In the event that 
OCTIC cannot find a root in a specified interval, the value of 
the variable V is selected which corresponds to the smallest abso- 
lute value of $he octic equation that has been computed. 
occurs an error message is printed and the program continues. The 
coefficients and roots of the octic equation as well as those of 
the two quartic equations are computed in double precision. 

If this 

The transfer velocities corresponding to the two roots 
of the octic equation are then computed. These two solutions are 
the posigrade and retrograde trajectories connecting states 1 and 2. 
The set requiring the lowest total AV is selected as the best and 
returned as VlBST and V2BST together with the corresponding magni- 
tudes of the velocity increments BSTDVl and BSTDV2. 

TOHSUN calls the following subroutines: 

a) OCTIC - see Appendix B 
b) VALUE, DOT, CROSS - BCMASP vector subroutines 

c) QUART - see Appendix C. 
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Appendix B 

OCTIC 

Calling Sequence: CALL OCTIC (C, A, B, Q, R, RR) 

Input: 

C 

QIR 

output: 

RR 

Parameters: 

N 

E 

Description: 

Nine element array of the coefficients of 
the octic polyniminal - 

a 

Lower and upper endpoints of the first 
interval 

Lower and upper endpoints of the second 
interval 

Two element array of the desired roots, or, 
in the event OCTIC failed to converge, the 
numbers corresponding to the smallest 
absolute error. 

Maximum number of iterations, N = 200 
Error tolerance, E = 1.0 x 10 -15 

OCTIC is designed to find two real roots of an eighth 
degree polynominal, each of which lies in a specified interval. 
The program uses the Newton-Raphson method of tangents to find 
the roots (Reference 2). An initial guess at the value of the 
root is necessary to start the iteration process. The midpoint 
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of t h e  i n t e r v a l  i s  t h i s  s t a r t i n g  value.  I f  a r o o t  i s  found 
which does n o t  l i e  i n  t h e  des i r ed  i n t e r v a l ,  o r  i f  no r o o t  i s  
found, a new i t e r a t i o n  process i s  begun w i t h  t h e  i n i t i a l  va lue  
set  equal  t o  Ro = G+(-) H-G where G i s  t h e  lower endpoint  of t h e  

i n t e r v a l  and H i s  t h e  upper endpoint .  I f  an acceptab le  r o o t  
i s  again n o t  found wi th in  200 i t e r a t i o n s ,  a t h i r d  a t tempt  i s  

4 

- 

made with t h e  i n i t i a l  value Ro = H - ( T ) .  H-G I f  OCTIC f a i l s  t o  
converge an e r r o r  message is p r i n t e d  o u t  and t h e  value of t h e  
v a r i a b l e  corresponding to  t h e  smallest abso lu te  e r r o r  computed 
during t h e  i t e r a t i o n s  i s  returned as t h e  r o o t .  I f  OCTIC con- 
verges  t h e  r o o t s  a r e  re turned a s  fol lows:  

R R ( 1 )  = r o o t  i n  t h e  f i r s t  i n t e r v a l  

R R ( 2 )  = r o o t  i n  t h e  second i n t e r v a l .  
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Appendix C 
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1 7  
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25 

NOTE: Discussion of a l l  routines in Appendix C can be found 
in Reference 2. I *  
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Appendix D 

Derivation of Equation 1 

By conservation of angular momentum 

but using Figure D1 it is apparent 

IB, 

leading to IVcl 

and since by definition the 
chordal direction 

chordal components are along the 

Also 

= r2 5 = h where e is defined in Figure D1. dt . 
The equation of motion 

can now be written 
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I n t e g r a t i n g  

- = = E  
h v2 - v, 

(VZR + v2c) - 

- 
j (cos e 2  - 

- D2 - 

de = 

(r cos e + 7 s i n  e ) d e  

- (i s i n  e - j cos e )  

(VIR + Vlc) = 3 (T ( s i n  e 2  - s i n  e,) - 

COS e,)) 

Using .Equat ion  D1 and t h e  i d e n t i t i e s  

e + e  s i n  (,- 02-01) 
2 s i n  e 2  - s i n  el  = 2 cos ( 

e +e  s i n  (- 02-01) 
2 cos e 2  - cos el = 2 s i n  ( 

- e +e 
(i cos ( 

- 
= -# ( 2  s i n  (- '2R - '1R 2 + 7 s i n  ( 

and 
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and i s  along t h e  b i s e c t o r  of El and E,. 

Since  i s  t h a t  b i s e c t o r ,  A1 and h are equa l  i n  2 
Figure  D2. The t r i a n g l e  formed by vRl, vR2, and 
and 

i s  isosceles 

From t h e  conserva t ion  of energy, 

2 2 
v1 - - - - - - -  1 . ( -  v2 P 
2 R, 2 R, I 

and from t h e  cos ine  l a w ,  

- 2 ViR vic cos $ . vi2 = ViR 2 + vic 2 
i 

Noting t h a t  ri = d / s i n  oi and s u b s t i t u t i n g  D4 and D2 i n t o  D3 

Vcl VR1 cos $1 - 3 P s i n  $ - - Vcl VR1 cos $2 - a lJ s i n  +2 

b u t  

$1 + $, + JI = 180 
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so 
41 + 4 2  JI - c o t  (-1 = t a n  'z 

and f i n a l l y  



NOMENCLATURE 

V = VELOCITYVECTOR 
R = RADIUSVECTOR 
bVi = VELOCITY CHANGE TRANSFER PLANE 

vi-voi 
A) THREE-DIMENSIONAL VIEW 

0 

6) TRANSFER TRAJECTORY 

SUBSCRIPTS 

i = INDEX(= l ,2 )  
1 '= AT THE INITIAL POSITION 
2 = AT THE FINAL POSITION 
0 = GIVEN VELOCITY AT 1 OR 2 
P,N = 
R = RADIAL 
C = CHORDAL 

IN PLANE AND OUT OF PLANE COMPONENTS 

FIGURE 1- TRANSFER GEOMETRY 
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FIGURE D1 

FIGURE D2 
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